In this Letter we introduce a novel route for achieving negative-group-velocity waveguiding at deep-subwavelength scales. Our scheme is based on the strong electromagnetic coupling between two conformal surface plasmon structures. Using symmetry arguments and detailed numerical simulations, we show that the coupled system can be geometrically tailored to yield negative-index dispersion. A high degree of subwavelength modal confinement, of λ∕10 in the transversal dimensions, is also demonstrated. These results can assist in the development of ultrathin surface circuitry for the low-frequency region (microwave and terahertz regimes) of the electromagnetic spectrum. Highly conducting surfaces can support spoof surface plasmon modes when textured at the subwavelength scale [1] [2] [3] [4] . The unique ability of these spoof surface plasmons to emulate optical-frequency surface plasmons at much lower frequencies has opened novel routes for wave control of far-IR, microwave, and terahertz radiation [5] [6] [7] [8] [9] [10] [11] [12] . On a different note, metasurfaces based on periodic arrays of subwavelength resonators deposited on thin films are drawing growing interest, particularly due to their potential as ultraflat optical components [13] . Recently, the versatility of these concepts has been substantially extended with the demonstration of a novel class of geometry-induced modes supported by ultrathin and flexible metal films [the so-called conformal surface plasmons (CSPs)] [14, 15] . The simplicity of the structures supporting CSPs and their inherent design advantages (including deep-subwavelength confinement, low bending losses, and broadband operation) are bringing closer the prospect of developing practical ultrathin surface circuitry for microwave and terahertz radiation. One of the enabling elements for the development of such technology is the realization of negative-index (negative group velocity) CSP waveguides. The realization of such waveguides would represent a further step within the general endeavor of radiation control using negative-index metamaterials [16] [17] [18] [19] [20] and plasmonic structures [21] [22] [23] . In this Letter, we introduce a novel strategy to achieve negative group velocity at deepsubwavelength scales in strongly coupled comb-shaped CSP structures. In particular, we show, through symmetry arguments and detailed numerical simulations, how a coupled CSP system can be geometrically tailored to obtain a band featuring negative group velocity.
Highly conducting surfaces can support spoof surface plasmon modes when textured at the subwavelength scale [1] [2] [3] [4] . The unique ability of these spoof surface plasmons to emulate optical-frequency surface plasmons at much lower frequencies has opened novel routes for wave control of far-IR, microwave, and terahertz radiation [5] [6] [7] [8] [9] [10] [11] [12] . On a different note, metasurfaces based on periodic arrays of subwavelength resonators deposited on thin films are drawing growing interest, particularly due to their potential as ultraflat optical components [13] . Recently, the versatility of these concepts has been substantially extended with the demonstration of a novel class of geometry-induced modes supported by ultrathin and flexible metal films [the so-called conformal surface plasmons (CSPs)] [14, 15] . The simplicity of the structures supporting CSPs and their inherent design advantages (including deep-subwavelength confinement, low bending losses, and broadband operation) are bringing closer the prospect of developing practical ultrathin surface circuitry for microwave and terahertz radiation.
One of the enabling elements for the development of such technology is the realization of negative-index (negative group velocity) CSP waveguides. The realization of such waveguides would represent a further step within the general endeavor of radiation control using negative-index metamaterials [16] [17] [18] [19] [20] and plasmonic structures [21] [22] [23] . In this Letter, we introduce a novel strategy to achieve negative group velocity at deepsubwavelength scales in strongly coupled comb-shaped CSP structures. In particular, we show, through symmetry arguments and detailed numerical simulations, how a coupled CSP system can be geometrically tailored to obtain a band featuring negative group velocity.
Figures 1(a) and 1(b) display the two waveguiding structures considered in this work. The two structures can be viewed as alternative ways of coupling two parallel comb-shaped metallic structures supporting CSP modes. Each of these comb-shaped CSP structures consists of a metal strip of thickness t perforated by a periodic array of air grooves of depth h and width a (the array periodicity being d). In the first configuration [ Fig. 1(a) ], the two CSP structures are arranged so that their corresponding groove openings are facing each other at a distance g. In the second configuration [ Fig. 1(b) ], the openings of the grooves of the corrugated metal strips face opposite directions. In this latter case, the two comb-shaped structures are actually merged, so the whole structure resembles a double-width metallic strip with periodic perforations on both sides. Importantly, both waveguiding configurations feature an arbitrary lateral shift (s), along the z direction, of one of the metallic combs with respect to the other (see the axis definitions in Fig. 1 ). This parameter is defined so s 0 represents the case in which the grooves of the two coupled CSP structures are fully aligned [see definition of s in Figs. 1(a) and 1(b)]. In fact, by applying the symmetry arguments presented in [24, 25] , it can be shown that this shift is an essential ingredient to achieve negative-index waveguiding. Specifically, for s d∕2 the analyzed structures remain invariant under a discrete periodic translation in the z direction, as well as under a glide-reflection symmetry operation (consisting of a translation by d∕2 followed by a reflection with respect to a y-z plane passing through the waveguide axis). This higher symmetry forces the modal fields of the system to be eigenmodes of the corresponding discrete-translation and glide-reflection operators (T andĜ, respectively). As shown in [24, 25] , from the fact thatT ĜĜ, it follows that the eigenvalues ofĜ are actually the two square roots of the eigenvalues expikd ofT (with k being the wave vector along z). Consequently, the wavenumber (kd) spectrum of eigenvalues ofĜ must be 4π periodic (and even with respect to kd 0). Considering that the kd spectrum of eigenvalues ofT is in fact the same as that ofĜ plus a 2π-shifted version, it follows that two bands of the dispersion diagram, displaying opposite signs of their corresponding group velocities, will cross at kd π. The numerical demonstration and analysis of this class of symmetry-based negative-group-velocity properties in the case of coupled CSP structures is the main focus of this Letter.
The guided-mode dispersion relations, computed with the finite-element method [26] , corresponding to the structures displayed in Figs. 1(a) and 1(b) are depicted in Figs. 1(c) and 1(d), respectively. In these calculations, we have fixed the geometrical parameters defining each metallic comb (following Ref. [14] , we choose t 0.02d, a 0.4d, h 0.8d, b 0.2d), as well as fixing the distance between them to g 0.1d. Then we have studied how the calculated bands evolve when the lateral shift s is increased. Figures 1(c) and 1(d) show the results for three representative values of this lateral shift, s 0, s d∕4, and s d∕2. For comparison, the dispersion relation corresponding to a single CSP structure is also displayed. In all displayed calculations the metallic parts of the structure are modeled within the perfect electric conductor (PEC) approximation.
As observed in Figs. 1(c) and 1(d), when the two metallic combs come close, the large electromagnetic coupling between them causes the dispersion relation of a single CSP structure dispersion to split into a lowerand a higher-frequency band. These two bands can be understood as the result of the bonding and antibonding combination of the highly localized waveguide modes supported by each CSP structure. Figures 1(c) and 1(d) clearly show that for large values of the wavevector k, the frequency splitting between the bonding and antibonding bands decreases rapidly as the shift s is increased. Full degeneration of the bonding and antibonding bands is obtained at the edge of the first Brillouin zone (k π∕d) by choosing s d∕2. These calculations corroborate the symmetry analysis presented above. Our numerical results show that by using the geometrical parameters given above, it is possible to achieve negative index in a frequency interval spanning from d∕λ 0.220 to d∕λ 0.228 for the structure rendered in Fig. 1(a) , and from d∕λ 0.228 to d∕λ 0.232 for the structure in Fig. 1(b) .
We now analyze how robust the reported negativeindex behavior is to the variation of the geometrical parameters characterizing the system. Of particular interest is the analysis of the dependence with the thickness t. Figure 2 (a) displays the computed bands for the case s d∕2 and for several values of t, ranging from t 0.02d to t 2d. The bands calculated for the 2D counterpart of that structure (labeled as t → ∞ in the figure) are also shown. H polarization is assumed in these 2D calculations. All the results correspond to the structure displayed in Fig. 1(a) . We have found that all waveguiding characteristics of the structure displayed in Fig. 1(a) are similar to those corresponding to the structure of Fig. 1(b) . Therefore, in the rest of this Letter we focus on the analysis of the structure in Fig. 1(a) .
Figure 2(a) shows how for large k values, the increase of t introduces a red frequency shift in the bands. As seen in Fig. 2(a) , the increase of t also yields an increase of the magnitude of the negative group velocity characterizing Fig. 1(a) , as computed for several values of the thickness t, ranging from t 0 to an infinitely thick structure (t → ∞). A lateral shift s d∕2 is assumed. The rest of the geometrical parameters are the same as in Fig. 1(c) . (b) Dispersion relation for the waveguide modes (H-polarized) of the two-dimensional (2D) counterpart of the structure shown in Fig. 1(a) . The results for different values of the lateral shift s (ranging from s 0 to s d∕2) are displayed. The blue shaded regions in both panels represent the light cone. the higher frequency band at large k values. In addition, these results indicate that a value of the thickness t 2d is enough to reproduce almost completely all band characteristics of the 2D case. To check this point, we have computed the H-polarized bands for the 2D case [see Fig. 2(b) ]. These results clearly show that a 2D model qualitatively reproduces (for large values of k) the whole dependence with s obtained from the full 3D model. In particular, the 2D model is able to capture how the frequency splitting between the bonding and antibonding bands is reduced as s increases, until reaching full degeneration of the bands for s d∕2.
Thus, to gain further insight into the physical origin of the observed geometrically induced degeneration, we have studied the evolution of the field profiles as a function of s. Figures 3(a) and 3(b) display the H-polarized magnetic field profiles (with H pointing along the y direction), as computed at k π∕d for the bonding and antibonding bands, respectively. The results for different values of s, going from s 0 (leftmost panel) to s d∕2 (rightmost panel), are rendered in both panels of the figure.
As seen in the leftmost panels of Figs. 3(a) and 3(b), for s 0 we obtain the canonical symmetric and asymmetric (with respect to the z axis) field distributions associated with the bonding and antibonding band states, respectively. As expected, the presence of a nodal line along the z axis causes the antibonding state to feature a significantly larger frequency than that corresponding to the bonding state. However, when we start shifting one of the CSP structures laterally with respect to the other, we significantly distort the field distribution of the corresponding bonding and antibonding states. Specifically, the significant perturbation of the fields observed at the center of the unit cell has two important effects. On one hand, it frustrates the formation of the horizontal nodal line of the antibonding state, lowering its frequency. On the other hand, by breaking the symmetry along the x axis, it forces the bonding state to redistribute its field in a nonsymmetrical way around the grooves of the metallic combs. This in turn leads to an increase in the frequency of the corresponding mode. As shown in Figs. 3(a) and 3(b) , the evolution of the field profiles and the corresponding frequencies follows this trend monotonically until the value of s reaches s d∕2. At that value of the lateral shift, the symmetry of system forces the bonding and antibonding states to have exactly the same field distribution, and therefore the same frequency, as predicted by the symmetry arguments provided above. We note that although both states have the same field distribution, the corresponding Poynting vectors point in opposite directions [see the corresponding vectorial field distributions in the rightmost panels in Figs. 3(a) and 3(b) ].
Finally, we have studied the modal field profiles of the full 3D version of the waveguiding structure shown in Fig. 1(a) . In order to do that, we have carried out 3D simulations of an 80-period coupled CSP waveguide system. Perfectly matched absorbing boundary conditions have been employed at one of the waveguide ends to mimic an infinitely large waveguide. In addition, to ensure that a proper mode excitation is achieved in the waveguide, we launch through its input end a propagating mode featuring the modal profile and the k value of the Fig. 3 . (a) Magnetic field profiles (H pointing out of the plane) of the bonding band computed for the two-dimensional counterpart of the structure displayed in Fig. 1(a) . The different panels correspond to different values of the lateral shift s, going from s 0 (leftmost panel) to s d∕2 (rightmost panel). The rest of the geometrical parameters are the same as in Fig. 1(c) . All the displayed cases correspond to a wavevector k π∕d. The overlaid arrows in the rightmost panel represent the direction of the Poynting vector. (b) Same as in (a), but obtained for the antibonding band. Fig. 4 . Transversal cuts of the electric field norm computed for an 80-period-long waveguide based on the structure sketched in Fig. 1(a) . The results along the (a) z-y, (b) z-x, and (c) x-y planes are displayed. s d∕2 and t 0.2d are assumed in the calculations. The rest of geometrical parameters are the same as in Fig. 1(c) . For clarity, (a) and (b) only render, respectively, 20-period and 2-periods sections of the whole waveguide. Part (c) shows the transversal cut along the pink line included in (b). All the displayed results were computed at a normalized carrier frequency d∕λ 0.218 (corresponding to the k π∕d eigenmode of an infinitely periodic structure). The white areas in the plots represent PEC regions.
corresponding eigenmode computed for k π∕d (the corresponding carrier frequency being d∕λ 0.218). The obtained results are summarized in Fig. 4 . Figures 4(a)-4 (c) display cross sections of the electric field norm jEj along the z-y, z-x, and x-y planes, respectively. The deep-subwavelength E-field confinement featured by the guided mode is apparent from these results. To quantitatively characterize this confinement, we have computed the modal size δ of the waveguide mode. The parameter δ is defined as the transversal size of the circular area centered in the structure that concentrates 70% of total power carried by the system. A value of δ ≈ λ∕10 is obtained in the transverse x-y plane displayed in Fig. 4(c) . This result corroborates the ability of the presented waveguides to simultaneously feature negative-index behavior and deep-subwavelength lateral confinement.
In summary, we have presented a novel route to achieve negative-index waveguiding at deepsubwavelength scales that exploits the symmetry properties that characterize the considered class of structures. These results could contribute to the development of surface circuitry for microwave and terahertz radiation.
